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Abstract Based on the technique of integration within an ordered product of nonlinear
bosonic operators, we construct a new four-mode nonlinear entangled state |α,β, γ 〉λ,μ in
4-mode Fock space, which can make up a complete set. Its properties and applications are
discussed. A possible scheme to generate this state is also presented.
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1 Introduction

The conception of quantum entanglement has become more and more fascinating and im-
portant, since the publication of Einstein-Podolsky-Rosen’ (EPR) paper in 1935 [1], arguing
the incompleteness of quantum mechanics. In recent years quantum entanglement plays a
central role in quantum information processing [2–4]. Some entangled states have been in-
troduced, such as bipartite entangled states [5, 6], tripartite entangled states [7, 8] and four-
mode entangled states [9]. On the other hand, nonlinear coherent states (NCS) [10–20] have
been paid much attention because they can be realized as the stationary states of center-of-
mass motion of a trapped ion. Squeezed states and phase states, etc., can also be viewed as
some nonlinear coherent states. The NCS |z〉f is defined as an eigenstate of f (N)a, where
f (N) is an operator-valued function of the number operator, N = a†a, [a, a†] = 1,

f (N)a |z〉f = z |z〉f . (1)

Due to 1
f (N−1)

a† = a† 1
f (N)

, one can see

[
f (N)a,

1

f (N − 1)
a†

]
= 1, (2)
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and

|z〉f = exp

[
z

f (N − 1)
a†

]
|0〉 . (3)

The bra is given by [6]

f 〈〈z| = (|z〉〉f

)† = 〈0| exp
[
z∗f (N)a

]
, |z〉〉f = exp

[
za†f (N)

] |0〉 . (4)

Based on the normal ordering form of vacuum projector [21]

|0〉 〈0| = ◦
◦ exp

[
− 1

f (N − 1)
a†f (N)a

] ◦
◦ , (5)

where the symbol ◦
◦

◦
◦ means normal ordering of 1

f (N−1)
a† standing on the left of f (N)a,

and using the technique of integral within an ordered product (IWOP) of nonlinear [22, 23]
Bose operators f (N)a and 1

f (N−1)
a† as well as the following integral formula

∫
d2z

π
exp

[
ξ |z|2 + ζz + ηz∗] = −1

ξ
exp

[
−ζη

ξ

]
, Re ξ < 0, (6)

the resolution of unity in terms of the NCS is shown as

∫
d2z

π
e−|z|2 |z〉ff 〈〈z| = 1. (7)

We should emphasize that the bra and the ket in (7) are not mutual Hermite conjugate.
In the past decade quantum entangled states have been studied and employed inten-

sively because of their potential uses in quantum communication and quantum computa-
tion [1–4, 24, 25]. Thus it is natural to challenge us to combine the nonlinear Bose opera-
tors and the concept of quantum entanglement to construct some nonlinear entangled states
representation. However, due to the fact that quantum entanglement involves at least two
modes and the complexity arising from the nonlinear property, how to extend the Einstein-
Podolsky-Rosen entangled state [6, 26] (the common eigenvector of the operators a − b†

and a† − b),

|η〉 = exp

[
−1

2
|η|2 + ηa† − η∗b† + a†b†

]
|00〉 , (8)

where [a, a†] = [b, b†] = 1, to nonlinear case is not a easy task, because we should de-
termine what is the appropriate nonlinear operators, which includes two-mode number
operator-valued function and operators a − b† and a† − b. After considerable amount of
trying works, f (Q)(a − b†) and 1

f (Q−1)
(a† − b) are chosen, f (Q) is an operator-valued

function of the number-difference operator Q = aa† − bb†, and a type of bipartite nonlinear
entangle states (NES) |η〉f has been construct [27]

|η〉f = exp

[
−1

2
|η|2 + η

f (Q − 1)
a† − η∗f (Q)b† + a†b†

]
|00〉 , (9)

which satisfies the following eigen equations,

f (Q)(a − b†) |η〉f = η |η〉f ,
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1

f (Q − 1)
(a† − b) |η〉f = η∗ |η〉f . (10)

In particular when f (Q) = f (Q − 1) = 1, (9) reduces to the ordinary bipartite entangled
state.

From (9), one can see that for constructing the corresponding bipartite NESs, f (Q) is
introduced to replace f (N) in (1). Using the IWOP technique [28, 29] the completeness
relation can be shown ∫

d2η

π
|η〉ff 〈〈η| = 1, (11)

where

f 〈〈η| = 〈00| exp

[
−1

2
|η|2 + η∗f (Q)a − η

1

f (Q − 1)
b + ab

]
, (12)

and f 〈〈η| is not the Hermite conjugate of |η〉f .
Multipartite nonlinear entanglement in pure states of many systems is a founding prop-

erty and a crucial resource for quantum information science. In this paper, as an extension
of the three-mode NES proposed by Fan et al., we shall introduce a new four-mode NES in
Fock space, denoted by |α,β, γ 〉λ,μ, which can compose a new quantum mechanical repre-
sentation. The work is arranged as follows: In Sect. 2 we construct and analyze |α,β, γ 〉λ,μ.

In Sect. 3 we design how to implement it theoretically. Section 4 is devoted to deriving its
completeness property and partly non-orthogonal property. The Schmidt decomposition and
the quadrature amplitude measurement of |α,β, γ 〉λ,μ are demonstrated in Sect. 5. In the
last section an application of the |α,β, γ 〉λ,μ is simply considered.

2 A New Four-Mode NES

In order to construct a new kind of four-mode NES, we must first determine an operator-
valued function f (Q) which involves four-mode number operators. After many tries we
choose

Q = (a†a + d†d) − (b†b + c†c), (13)

where d†, d are the fourth mode. Using f (Q) we define

A = 1

f (Q − 1)
a, B = f (Q)b, C = f (Q)c, D = 1

f (Q − 1)
d, (14)

and

A+ = f (Q)a†, B+ = 1

f (Q − 1)
b†, C+ = 1

f (Q − 1)
c†, D+ = f (Q)d†,

(15)
with Bose operators obeying [c, c†] = 1, [d, d†] = 1. Note that A+ is not the Hermitian
conjugate of A, i.e., ‘+’ does not mean the Hermite conjugate, (A+)† �= A, (B+)† �= B ,
(C+)† �= C, (D+)† �= D. Noticing

Qa† = a†(Q − 1), Qb† = b†(Q + 1), (16)

one can prove

[A,A+] = [B,B+] = [C,C+] = [D,D+] = 1, (17)
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the commutative relations of other forms are equal zero.
Now let us write down the four-mode NES in Fock space,

|α,β, γ 〉λ,μ = sech λ sech μ exp

[
−1

2

(|α|2 + |β|2 + |γ |2) + (A+ − α∗)(B+ − β∗) tanhλ

+ C+(D+ − γ ∗) tanhμ + (A+ − α∗)C+ sech λ sech μ

+ αA+ + βB+ + γD+
]

|0000〉 , (18)

where |0000〉 is annihilated by a, b, c and d , so it is also annihilated by A, B , C and D,
α = α1 + iα2, β = β1 + iβ2, and γ = γ1 + iγ2 are complex numbers, λ and μ are two real
numbers. It is evident that when λ = μ = 0, (18) becomes

|α,β, γ 〉0,0 = exp

[
−1

2

(|α|2 + |β|2 + |γ |2) + (A+ − α∗)C+ + αA+ + βB+ + γD+
]

|0000〉

= |η = α〉1,3 ⊗ |β〉2 ⊗ |γ 〉4 , (19)

where |η = α〉1,3 is the bipartite NES in A–C mode [30–32], |β〉2 and |γ 〉4 are the NCS in B

and D modes, respectively. In addition, (18) will reduce to a tripartite NES with γ = μ = 0.
Operating A, B , C, and D on |α,β, γ 〉λ,μ we obtain four independent eigenvector equa-

tions

(D − C+ tanhμ) |α,β, γ 〉λ,μ = γ |α,β, γ 〉λ,μ , (20)

(B − A+ tanhλ) |α,β, γ 〉λ,μ = (
β − α∗ tanhλ

) |α,β, γ 〉λ,μ , (21)(
A − B+ tanhλ − C+sech λ sech μ

) |α,β, γ 〉λ,μ = (
α − β∗ tanhλ

) |α,β, γ 〉λ,μ , (22)(
C − A+sech λ sech μ − D+ tanhμ

) |α,β, γ 〉λ,μ

= − (
γ ∗ tanhμ + α∗sech λ sech μ

) |α,β, γ 〉λ,μ . (23)

By introducing X1 = 1√
2
(A + A+), P1 = 1√

2i
(A − A+), combining (22) and (20) we have

[(X1 coshλ − X2 sinhλ) sech μ − X3 + X4 tanhμ] |α,β, γ 〉λ,μ

= √
2
[
(α1 coshλ − β1 sinhλ) sech μ + γ1 tanhμ

] |α,β, γ 〉λ,μ , (24)

[(P1 coshλ + P2 sinhλ) sech μ + P3 + P4 tanhμ] |α,β, γ 〉λ,μ

= √
2
[
(α2 coshλ + β2 sinhλ) sech μ + γ2 tanhμ

] |α,β, γ 〉λ,μ . (25)

Note that |α,β, γ 〉λ,μ is the common eigenvector of the above four operators (B −
A+ tanhλ), (C − A+sech λ sech μ − D+ tanhμ), [(X1 coshλ − X2 sinhλ)sech μ − X3 +
X4 tanhμ], and [(P1 coshλ + P2 sinhλ)sech μ + P3 + P4 tanhμ], which constitute a com-
plete commutable operator set.
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3 Generation of the NES |α,β,γ 〉λ,μ

Next we will discuss how to produce the ideal four-mode entangled state |α,β, γ 〉λ,μ. For
this purpose we introduce two squeezing transformation [33]

S12A
+S−1

12 =A+ coshλ − B sinhλ,

S34C
+S−1

34 =C+ coshμ − D sinhμ,
(26)

where S12, S34 are two nonlinear two-mode squeezing operators, S12 = exp[λ(A+B+ −AB)]
and S34 = exp[μ(C+D+ − CD)], then we have

S12S34 exp[A+C+] |0000〉
= sech λ sech μ exp[A+C+ coshλ coshμ] exp[−A+D coshλ sinhμ]

× exp[−BC+ sinhλ coshμ] exp[B sinhλD sinhμ] exp[A+B+ tanhλ]
× exp[C+D+ tanhμ] |0000〉 . (27)

Using the Baker-Hausdorff formula eρeσ = eσ eρe[ρ,σ ], valid for [ρ, [ρ,σ ]] = [σ, [ρ,σ ]] =0,
we obtain

exp[−A+D coshλ sinhμ] exp[C+D+ tanhμ]
= exp[C+D+ tanhμ] exp

[−A+C+ tanhμ sinhμ coshλ
]

exp[−A+D coshλ sinhμ].
(28)

Substituting (28) into (27) we see

S12S34 exp[A+C+] |0000〉
= sech λ sech μ exp[A+B+ tanhλ + C+D+ tanhμ + A+C+sech λ sech μ] |0000〉
= |α = 0, β = 0, γ = 0〉λ,μ . (29)

Then making a three single-mode nonlinear displacement D1(α)D2(β)D4(γ ) for
|α = 0, β = 0, γ = 0〉λ,μ, where D1(α) = exp[αA+ −α∗A], we can make up the |α,β, γ 〉λ,μ

state

D1(α)D2(β)D4(γ )|α = 0, β = 0, γ = 0〉λ,μ = |α,β, γ 〉λ,μ. (30)

Thus the new nonlinear 4-mode NES is generated.

4 Properties of |α,β,γ 〉λ,μ

We now investigate the main properties of |α,β, γ 〉λ,μ. Using the normal ordered expansion
(in the sense of ◦

◦
◦
◦ ) of |0000〉〈0000| and letting : : denote the usual normal ordering symbol

regarding to a† and a, considering the result of (17) we have

: (a†a + b†b + c†c + d†d)n :
=

∑
i+j+k=n

n!
i!j !k!l!a

†ib†j c†kd†laibj ckdl
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=
∑

i+j+k=n

n!
i!j !k!l! [f (Q)a†]i

[
1

f (Q − 1)
b†

]j[ 1

f (Q − 1)
c†

]k

[f (Q)d†]l

×
(

1

f (Q − 1)
a

)i

(f (Q)b)j (f (Q)c)k

(
1

f (Q − 1)
d

)l

=
∑

i+j+k=n

n!
i!j !k!A

+iB+jC+kD+lAiBjCkDl

= ◦
◦ (A+A + B+B + C+C + D+D)n ◦

◦ . (31)

It then follows that

|0000〉 〈0000| = : exp(−a†a − b†b − c†c − d†d) :

=
∞∑

n=0

(−1)n

n! : (a†a + b†b + c†c + d†d)n :

=
∞∑

n=0

(−1)n

n!
◦
◦ (A+A + B+B + C+C + D+D)n ◦

◦ , (32)

thus we see

|0000〉 〈0000| = ◦
◦ exp[−A+A − B+B − C+C − D+D] ◦◦ . (33)

On the other hand, we introduce the bra

λ,μ〈〈α,β, γ | = 〈0000| sech λ sech μ exp

[
−1

2

(|α|2 + |β|2 + |γ |2) + (A − α)(B − β) tanhλ

+ C(D − γ ) tanhμ + (A − α)Csech λ sech μ + α∗A + β∗B + γ ∗D
]
,

(34)

then using the IWOP technique and (6), we can prove the completeness relation

cosh2 μ

∫
d2αd2βd2γ

π3
|α,β, γ 〉λ,μλ,μ 〈〈α,β, γ |

= ◦
◦ exp

[
1

sech 2λ
(B+ − A tanhλ + E tanhλ)

(
B − A+ tanhλ + E† tanhλ

)]

× exp[(D+ − C tanhμ)
(
D − C+ tanhμ

) + E†E + E1 + E2 + E3 + K] ◦◦
= ◦

◦ exp [0]
◦
◦ = 1, (35)

where the factor cosh2 μ is integration measurement needed for the completeness relation,
and

K = −A+A − B+B − C+C − D+D,
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E1 = (A+B+ + AB) tanhλ, E† = A+ − B tanhλ − Csech λ sech μ, (36)

E2 = (
C+D+ + CD

)
tanhμ, E3 = (

A+C+ + AC
)

sech λ sech μ.

In order to find out the explicit form of λ,λ〈〈α′, β ′, γ ′|α,β, γ 〉λ,λ (here for simplicity, we
consider the case of λ = μ), we appeal to the four-mode NCSs

|z1,z2, z3, z4〉f = exp[z1A
+ + z2B

+ + z3C
+ + z4D

+] |0000〉 , (37)

f 〈〈z1,z2, z3, z4| = 〈0000| exp[z∗
1A + z∗

2B + z∗
3C + z∗

4D], (38)

and calculate

f 〈〈z1,z2, z3, z4| α,β, γ 〉λ,μ

= sech λ sech μ exp

[
−1

2

(
4∑

i=1

|zi |2 + |α|2 + |β|2 + |γ |2
)

+ (z∗
1 − α∗)(z∗

2 − β∗) tanhλ

]

× exp[z∗
3(z

∗
4 − γ ∗) tanhμ + (z∗

1 − α∗)z∗
3sech λ sech μ + αz∗

1 + βz∗
2 + γ z∗

4]. (39)

Using the overcompleteness relation

∫ 4∏
i=1

(
d2zi

π

)
exp

(
−

4∑
i=1

|zi |2
)

|z1,z2, z3, z4〉ff 〈〈z1,z2, z3, z4| = 1, (40)

we finally obtain

λ,λ〈〈α′, β ′, γ ′| α,β, γ 〉λ,λ

= GH sech 4λ lim
ε→0

1

ε
exp

[
− sech 2λ

ε
|α′ − α − (β ′∗ − β∗) tanhλ

+ (γ ′ − γ ) tanhλ|2
]
, (41)

where

G = exp

[
−1

2
(|α|2 + |β|2 + |γ |2 + ∣∣α′∣∣2 + ∣∣β ′∣∣2 + ∣∣γ ′∣∣2

)

]
, (42)

and

H = exp
[
cosh2 λ(β ′∗ + (α − α′) tanhλ − β∗ tanh2 λ)

(
β + (α′∗ − α∗) tanhλ − β ′ tanh2 λ

)]
× exp

[
coth2 λ

(
α − α′ − (β∗ − β ′∗ + γ ′) tanhλ

)
(α′∗ − α∗ − (β ′ − β + γ ∗) tanhλ)

]
× exp

[
(α − β∗ tanhλ)

(
α′∗ − β ′ tanhλ

) + (
α∗β∗ + α′β ′) tanhλ

]
. (43)

Using the following limiting formula of δ-function:

lim
ε→0

1

ε
exp

[
−1

ε
|α|2

]
= πδ (α) δ

(
α∗) = πδ (α1) δ (α2) , α = α1 + iα2, (44)



Int J Theor Phys (2009) 48: 1790–1800 1797

we obtain

λ,λ〈〈α′, β ′, γ ′| α,β, γ 〉λ,λ = πGH sech 2λδ
(
α′ − α − (

β ′∗ − β∗) tanhλ + (γ ′ − γ ) tanhλ
)

× δ
(
α′∗ − α∗ − (β ′ − β) tanhλ + (γ ′∗ − γ ∗) tanhλ

)
. (45)

From (45) we see that |α,β, γ 〉λ,μ is partly orthonormal. In addition, we should point out
that when λ �= μ |α,β, γ 〉λ,μ state vectors are not orthogonal to each other.

5 Quadrature Amplitude Measurement on |α,β,γ 〉λ,μ

To see the entanglement involved in |α,β, γ 〉λ,μ more clearly, we make the following three-
fold Fourier transformation for it. After a long but straightforward calculation we obtain

∫ ∞

−∞
dα2dβ2dγ2 |α,β, γ 〉λ,μ eiuα2+iυβ+iσγ2 = W(u,υ,σ ) |x1〉1 ⊗ |x2〉2 ⊗ |x3〉3 ⊗ |x4〉4

(46)

where the four single-mode states all belong to the nonlinear coordinate eigenvectors,

|xi〉i =π− 1
4 exp

[
−x2

i

2
+ √

2xiF
+ − F+2

2

]
|0〉i ,

i 〈〈xi |= i 〈0|π− 1
4 exp

[
−x2

i

2
+ √

2xiF − F 2

2

] (47)

where F = A, B , C, D. i = 1,2,3,4, and W(u,υ,σ ) is a normalization factor (not be
written),

x1 = (α1 − u)√
2

, x2 = β1 − υ√
2

, x4 = γ1 − σ√
2

,

x3 = 1√
2
{[(β1 + υ) sinhλ − (α1 + u) coshλ]sech μ − (γ1 + σ) tanhμ}.

(48)

Then making the inverse transformation of (46) we obtain

|α,β, γ 〉λ,μ = 1

8π3

∫ ∞

−∞
dudυdσW(u,υ,σ )e−(iuα2+iυβ+iσγ2) |x1〉1 ⊗ |x2〉2 ⊗ |x3〉3 ⊗ |x4〉4 ,

(49)
which is just the Schmidt decomposition [34] of |α,β, γ 〉λ,μ, this in turn confirms that
|α,β, γ 〉λ,μ is an entangled state.

When making a single-mode quadrature amplitude measurement, say |x〉11〈〈x| on
|α,β, γ 〉λ,μ, where |x〉 is the nonlinear coordinate eigenstate of X = F+F+√

2
operator, where

F = A, B , C, D. Using (49) we obtain

1 〈〈x | α,β, γ 〉λ,μ = √
2e−iuα2

1

8π3

∫ ∞

−∞
dυdσW(υ,σ )e−(iυβ+iσγ2)

×|x2〉2 ⊗ |x3〉3 ⊗ |x4〉4

∣∣∣∣
u=α1−√

2x

, (50)
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which shows that the remaining three modes are kept in entanglement. If a joint Bell mea-
surement, say |η′〉1,21,2〈〈η′| shown in (9), is performed on |α,β, γ 〉λ,μ, the result of mea-
surement is

1,2〈〈η′|α,β, γ 〉λ,μ = eM sech λ sech μ

1 − tanhλ
exp

[
τC+ + γD+ + C+D+ tanhμ

] |00〉 , (51)

where eM is an unimportant coefficient and

τ = sech λ sech μ

1 − tanhλ

(
η′∗ − α∗ + β

) − γ ∗ tanhμ. (52)

Equation (51) indicates that after the Bell joint measurement the remaining two-mode is still
in entanglement.

6 Application of |α,β,γ 〉λ,μ

Following Hu et al. [9] we consider an application of the |α,β, γ 〉λ,μ in quantum teleporta-
tion. From (35) we know that any 4-mode nonlinear state | 〉1234 can be expanded as

| 〉1234 =
∫

d2αd2βd2γ

π3
G(α,β, γ,λ,μ) |α,β, γ 〉λ,μ , (53)

where G(α,β, γ,λ,μ) is the expansion coefficient

G(α,β, γ,λ,μ) = cosh2 μλ,μ〈〈α,β, γ | 〉1234 . (54)

If Annie is able to teleport the 4-mode nonlinear state |α,β, γ 〉λ,μ to Johnsum, then she
can teleport | 〉1234 since it can be expanded by the set of |α,β, γ 〉λ,μ. Assuming Annie
and Johnsum share a quantum channel composing of four bipartite nonlinear entangled
states |ηa〉5,6 ⊗ |ηb〉7,8 ⊗ |ηc〉9,10 ⊗ |ηd〉11,12, which means that Annie owns particle 5, 7,
and 9, 11, while Johnsum owns 6, 8, and 10, 12. Then initial state of the whole system is
|�in〉 = |α,β, γ 〉λ,μ1234 ⊗ |ηa〉5,6 ⊗ |ηb〉7,8 ⊗ |ηc〉9,10 ⊗ |ηd〉11,12. Annie carries a joint Bell
measurement, the projection state is |η〉15 ⊗|η′〉27 ⊗|η′′〉39 ⊗|η′′′〉4,11, then using the Schmidt
decomposition of |η〉15,

15 〈〈η | = e
iη1η2

2

∫ ∞

−∞
dx1 〈〈x | ⊗5 〈〈x − η1 | e−iη2x, (55)

and using (49) we can calculate

|�out 〉 = 4,11

〈〈
η′′′ ∣∣ ⊗39

〈〈
η′′ ∣∣ ⊗27

〈〈
η′ ∣∣ ⊗15 〈〈η | �in〉

= ei� 1

8π3

∫ ∞

−∞
dudυdσe−(iuα2+iυβ+iσγ2)W(u,υ,σ )

× ei((ηa2−η2)x1−ηa2η2) |x1 − η1 − ηa1〉6

⊗ ei((ηb2−η′
2)x2−ηb2η′

2)
∣∣x2 − η′

1 − ηb1
〉
8

⊗ ei((ηc2−η′
2)x3−ηc2η′

2)
∣∣x3 − η′′

1 − ηc1
〉
10

⊗ ei((ηd2−η′
2)x4−ηd2η′

2)
∣∣x4 − η′

1 − ηd1
〉
12

, (56)
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where � = (η1η2 + η′
1η

′
2 + η′′

1η
′′
2 + η′′′

1 η′′′
2 − ηa1ηa2 − ηb1ηb2 − ηc1ηc2 − ηd1ηd2)/2. Note that

ei((ηa2−η2)x1−ηa2η2) |x1 − η1 − ηa1〉6

= ei((ηa2−η2)x6+ηa1ηa2−η2(η1+ηa1))eip6(η1+ηa1) |x1〉6 , (57)

ei((ηb2−η′
2)x2−ηb2η′

2)
∣∣x2 − η′

1 − ηb1

〉
8

= ei((ηb2−η′
2)x8+ηb1ηb2−η′

2(η′
1+ηb1))eip8(η′

1+ηb1) |x2〉8 , (58)

and

ei((ηc2−η′
2)x3−ηc2η′

2)
∣∣x3 − η′

1 − ηc1

〉
10

= ei((ηc2−η′
2)x10+ηc1ηc2−η′

2(η′
1+ηc1))eip10(η′

1+ηc1) |x3〉10 , (59)

ei((ηd2−η′
2)x4−ηd2η′

2)
∣∣x4 − η′

1 − ηd1
〉
12

= ei((ηd2−η′
2)x12+ηd1ηd2−η′

2(η′
1+ηd1))eip12(η′

1+ηd1) |x4〉12 . (60)

Substituting (57–60) into (56) we obtain

|�out〉 = ei�′
UxUp

1

8π3

∫ ∞

−∞
dudυdσe−(iuα2+iυβ+iσγ2)W(u,υ,σ )

× |x1〉6 ⊗ |x2〉8 ⊗ |x3〉10 ⊗ |x4〉12

= ei�′
UxUp |α,β, γ 〉λ,μ6,8,10,12 , (61)

where

ei�′ = e
−i(η1η2+η′

1η′
2+η′

1η′
2+η′

1η′
2−ηa1ηa2−ηb1ηb2−ηc1ηc2−ηd1ηd2)

2 e−i(η2ηa1+η′
2ηb1+η′

2ηc1+η′
2ηd1), (62)

and

Ux = ei(ηa2−η2)x6ei(ηb2−η′
2)x8ei(ηc2−η′

2)x10ei(ηd2−η′
2)x12 , (63)

Up = eip6(η1+ηa1)eip8(η′
1+ηb1)eip10(η′

1+ηc1)eip12(η′
1+ηd1). (64)

Then Annie informs Johnsum of the date of η, η′, η′′, and η′′′ via a classical channel, and
Johnsum, up to an over phase factor, makes the unitary transform (UxUp)−1, and success-
fully obtains the unknown state |α,β, γ 〉λ,μ.

7 Conclusion

In summary, we have introduced a kind of four-mode nonlinear entangled state |α,β, γ 〉λ,μ

and analyzed its Schmidt decomposition as well as a quadrature amplitude measurement on
it. It is found that |α,β, γ 〉λ,μ possesses the properties of two- and three-mode entangled
state. We have proved the completeness relation of |α,β, γ 〉λ,μ and show that |α,β, γ 〉λ,μ is
partly orthogonal. A possible scheme to generate this state has been presented. The set of
|α,β, γ 〉λ,μ is very important because it makes up a new quantum mechanical representation,
which may enrich Dirac’s representation theory in the context of multi-partite nonlinear
entangled states.



1800 Int J Theor Phys (2009) 48: 1790–1800

References

1. Einstein, A., Podolsky, B., Rosen, N.: Phys. Rev. 47, 777 (1935)
2. Bennett, C.H., Brassard, G., Crepeau, C., Jozsa, R., Peres, A., Wooters, W.K.: Phys. Rev. Lett. 70, 1895

(1993)
3. Bouwmeester, D., et al.: Nature 390, 575 (1997)
4. Furusawa, A., et al.: Science 282, 706 (1998)
5. Fan, H.Y., Chen, J., Song, T.: Int. J. Theor. Phys. 42, 1773 (2003)
6. Fan, H.Y., Klauder, J.R.: Phys. Rev. A 49, 704 (1994)
7. Fan, H.Y.: Chin. Phys. Lett. 18, 1301 (2001)
8. Jiang, N.Q., Fan, H.Y.: Commun. Theor. Phys. 43, 208 (2005)
9. Hu, L.Y., Fan, H.Y.: Int. J. Theor. Phys. (2007). doi:10.1007/s10773-007-9533-9

10. Liu, D.M., Ma, S.J., Kuang, M.H.: Mod. Phys. Lett. B 22, 1641 (2008)
11. De Matos Filho, R.L., Vogel, W.: Phys. Rev. A 54, 4560 (1996)
12. Man’ko, V.I., Wünsche, A.: Quantum Semiclass. Opt. 9, 381 (1997)
13. Jones Haight, G.N., Lee, C.T.: Quantum Semiclass. Opt. 9, 411 (1997)
14. Dodonov, V.V., Korennoy, Y.A., Man’ko, V.I., Moukhin, Y.A.: Quantum Seminclass. Opt. 8, 413 (1996)
15. Roy, B., Roy, P.: J. Opt. B: Quantum Semiclass. Opt. 1, 341 (1999)
16. Roy, B.: Phys. Lett. A 249, 25 (1998)
17. Mancini, S.: Phys. Lett. A 233, 291 (1997)
18. Sivakumar, S.: Phys. Lett. A 250, 257 (1998)
19. Sivakumar, S.: J. Phys. A 32, 3441 (1999)
20. Sivakumar, S.: J. Phys. A 33, 2289 (2000)
21. Fan, H.Y.: J. Opt. B: Quantum Semiclass. Opt. 5, 147 (2003)
22. Fan, H.Y., Cheng, H.L.: Phys. Lett. A 285, 256 (2001)
23. Fan, H.Y., He, H.Y.: Commun. Theor. Phys. 44, 137 (2005)
24. Ekert, A., Josza, R.: Rev. Mod. Phys. 68, 733 (1996)
25. Huches, C.A., et al.: Phys. Rev. A 56, 1163 (1997)
26. Fan, H.Y.: Int. J. Mod. Phys. 18, 1387 (2004)
27. Fan, H.Y., Cheng, H.L.: Phys. Lett. A 295, 65 (2002)
28. Fan, H.Y., Zaidi, H.R., Klauder, J.R.: Phys. Rev. D 35, 1831 (1987)
29. Wünsche, A.: J. Opt. B: Quantum Semiclass. Opt. 1, 11 (1999)
30. Fan, H.Y., Jiang, N.: Int. J. Theor. Phys. 43, 2275 (2004)
31. Hu, L.Y., Fan, H.Y.: J. Phys. A: Math. Ren. 39, 14133 (2006)
32. Hu, L.Y., Fan, H.Y.: J. Phys. B: At. Mol. Opt. Phys. 40, 2099 (2007)
33. Van Loock, P., Braunstein, S.L.: Phys. Rev. Lett. 84, 3482 (2000)
34. Preskill, J.: Physics Lectures. California Institute of Technology, Pasadena (1998)

http://dx.doi.org/10.1007/s10773-007-9533-9

	A Kind of Four-Mode Nonlinear Entangled State Representation in Quantum Optics
	Abstract
	Introduction
	A New Four-Mode NES
	Generation of the NES |alpha,beta,gamma>lambda,µ
	Properties of |alpha,beta,gamma>lambda,µ
	Quadrature Amplitude Measurement on |alpha, beta,gamma>lambda,µ
	Application of |alpha,beta,gamma>lambda,µ
	Conclusion
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


