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Abstract Based on the technique of integration within an ordered product of nonlinear
bosonic operators, we construct a new four-mode nonlinear entangled state |a, B, ), in
4-mode Fock space, which can make up a complete set. Its properties and applications are
discussed. A possible scheme to generate this state is also presented.
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1 Introduction

The conception of quantum entanglement has become more and more fascinating and im-
portant, since the publication of Einstein-Podolsky-Rosen’ (EPR) paper in 1935 [1], arguing
the incompleteness of quantum mechanics. In recent years quantum entanglement plays a
central role in quantum information processing [2—4]. Some entangled states have been in-
troduced, such as bipartite entangled states [5, 6], tripartite entangled states [7, 8] and four-
mode entangled states [9]. On the other hand, nonlinear coherent states (NCS) [10-20] have
been paid much attention because they can be realized as the stationary states of center-of-
mass motion of a trapped ion. Squeezed states and phase states, etc., can also be viewed as
some nonlinear coherent states. The NCS |z) ; is defined as an eigenstate of f(N)a, where
f(N) is an operator-valued function of the number operator, N =a'a, [a,a’] =1,

f(N)alz)y=zlz)f. (1)

Due to maT = a*ﬁ, one can see
N b =1 2
S = *
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and

— < i
|z>f—exp[f(N_1)a ]|0>. 3)
The bra is given by [6]

Azl = (1)) = Olexp[* fF(W)a], 1)) =exp[za’ FV]I10). (4
Based on the normal ordering form of vacuum projector [21]

o _ 1 i o
0) (0] = oexp[ T f(N)a] °, )

where the symbol ° ° means normal ordering of 7t N : )a standing on the left of f(N)a,
and using the technique of 1ntegral Wlthm an ordered product IWOP) of nonlinear [22, 23]
Bose operators f(N)a and 70 N a as well as the following integral formula

d*z 1
/—EXP[SIZIZ+§z+nz*]=——e><p[—§—n], Re& <0, (6)
T § §
the resolution of unity in terms of the NCS is shown as
d*z _p
— e 2) 4 ({2l = 1. @)

We should emphasize that the bra and the ket in (7) are not mutual Hermite conjugate.

In the past decade quantum entangled states have been studied and employed inten-
sively because of their potential uses in quantum communication and quantum computa-
tion [1-4, 24, 25]. Thus it is natural to challenge us to combine the nonlinear Bose opera-
tors and the concept of quantum entanglement to construct some nonlinear entangled states
representation. However, due to the fact that quantum entanglement involves at least two
modes and the complexity arising from the nonlinear property, how to extend the Einstein-
Podolsky-Rosen entangled state [6, 26] (the common eigenvector of the operators a — b’
and a' — b),

Lo t_ bt gty
) =exp| =3 nl"+na" = n"b"+a'b’ 00}, ®)

where [a,a’] = [b, bT] = 1, to nonlinear case is not a easy task, because we should de-
termine what is the appropriate nonlinear operators, which includes two-mode number
operator-valued function and operators a — b' and a’ — b. After considerable amount of
trying works, f(Q)(a — b') and m(a"' — b) are chosen, f(Q) is an operator-valued
function of the number-difference operator Q = aa’ — bb", and a type of bipartite nonlinear
entangle states (NES) |n) s has been construct [27]

_n
Q-1

which satisfies the following eigen equations,

1
), = exp [—5 nl? + a" — 0" f(Q)b +aw] 100), ©)

f(@)@a—bYYIn); =nln),

@ Springer



1792 Int J Theor Phys (2009) 48: 1790-1800

1
——— (@ =D, =n"n),. (10)
Q-1 ! !

In particular when f(Q) = f(Q — 1) =1, (9) reduces to the ordinary bipartite entangled
state.

From (9), one can see that for constructing the corresponding bipartite NESs, f(Q) is
introduced to replace f(N) in (1). Using the IWOP technique [28, 29] the completeness
relation can be shown

/#”H =1 (11)
777ff<77—7

where

| 1
el «m“mp[ S Il 40" f(Q)a nf(Q__Db+ab], (12)
and ;((n| is not the Hermite conjugate of |n) ;.

Multipartite nonlinear entanglement in pure states of many systems is a founding prop-
erty and a crucial resource for quantum information science. In this paper, as an extension
of the three-mode NES proposed by Fan et al., we shall introduce a new four-mode NES in
Fock space, denoted by |o, B, ¥),. ., which can compose a new quantum mechanical repre-
sentation. The work is arranged as follows: In Sect. 2 we construct and analyze |a, B, V), .
In Sect. 3 we design how to implement it theoretically. Section 4 is devoted to deriving its
completeness property and partly non-orthogonal property. The Schmidt decomposition and
the quadrature amplitude measurement of |c, B, v), , are demonstrated in Sect. 5. In the
last section an application of the |a, B, ), is simply considered.

2 A New Four-Mode NES

In order to construct a new kind of four-mode NES, we must first determine an operator-
valued function f(Q) which involves four-mode number operators. After many tries we
choose

Q=(a'a+d'd)— b+ cle), (13)
where d', d are the fourth mode. Using f(Q) we define
1 1

A=——a, B = b, C = s D=———4d, 14
T ) F@Qc a9
and

1 1
At = i Bt=——_pf, i —L Dt = d’,
Qe FQ-D Q-1 f@)aﬁ

with Bose operators obeying [c,c’] = 1, [d,d'] = 1. Note that A* is not the Hermitian
conjugate of A, i.e., ‘“+’ does not mean the Hermite conjugate, (A*)" #£ A, (BY)T #£ B,
(CHT#C, (D) # D. Noticing

Qa'=a'(Q—1), Q' =b"(Q+1), (16)
one can prove

[A,AT]=[B,BY]=[C,C"]=[D,D*]=1, 17)
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the commutative relations of other forms are equal zero.
Now let us write down the four-mode NES in Fock space,
1
e, B, ¥);.,0 = sech SechMeXp[—E (le® + B>+ ¥ P) + (A* —a*) (BT — B*) tanh A
+CH(DT —y*)tanhpu + (AT —a*)C* sech A sech it
+aA++ﬂB++yD+] |0000) , (18)
where |0000) is annihilated by a, b, ¢ and d, so it is also annihilated by A, B, C and D,

a=o;+iny, B=pP1+if2, and y =y, + iy, are complex numbers, A and p are two real
numbers. It is evident that when A = u = 0, (18) becomes

1
) (I + B+ ¥ PP) + (At —a)CT +aAt + BBT + yD+] 10000)
=n=0a);3818), 1y, (19)

lee, B, ¥ )00 = exp|:

where |7 = «), 3 is the bipartite NES in A—C mode [30-32], |8), and |y )4 are the NCS in B
and D modes, respectively. In addition, (18) will reduce to a tripartite NES with y = u =0.

Operating A, B, C, and D on |o, B, ¥),,, we obtain four independent eigenvector equa-
tions

(D —C*tanhp) o, B, ¥)y =¥ o, B )i s (20)
(B— A*tanh)|a, B, y),,, = (B — o tanh 1) |o, B, ¥); . 1))
(A— B*tanhA — C*sechAsech ) |, B, y), , = (@ — B tanh ) o, B, ), .. (22)
(C — A*sechAsechw — D* tanh ) e, B, ),

= — (y*tanh pu + a*sech A sech i) |, B, ¥);, . - (23)
By introducing X; = % (A+ A, P = ﬁ(A — A™), combining (22) and (20) we have

[(XicoshA — X, sinhA) sech u — X3 + Xytanh ] |e, B, ),
=+/2[(@; cosh i — By sinh ) sech 1t + y; tanh ] e, B, ¥); . » (24)
[(PicoshA + Ppsinhd) sech u + P; + Pytanh u] |, B, ¥);
=2 [(az2 cosh A + By sinh A) sech pu + y tanh ] e, B, ), . - (25)
Note that |a, B,y),,, is the common eigenvector of the above four operators (B —
Attanhl), (C — ATsechAsechp — Dt tanh ), [(XcoshA — X,sinhA)sechpu — X3 +

X, tanh u], and [(P; coshA + P, sinhA)sech u + P; + P,tanh ], which constitute a com-
plete commutable operator set.
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3 Generation of the NES |«, 8, ¥ )1,

Next we will discuss how to produce the ideal four-mode entangled state |o, 8, ¥),. .. For
this purpose we introduce two squeezing transformation [33]

S1,ATS,' = AT coshA — BsinhA,

(26)
834C"S;,' =CT coshyu — Dsinhp,

where Si», S34 are two nonlinear two-mode squeezing operators, Sj; = exp[A(ATBT — AB)]
and S3; = exp[u(CT DT — CD)], then we have

S12834 exp[ATC1]]0000)
= sech A sech pexp[ATC* cosh A cosh ] exp[—A™ D cosh A sinh ]
x exp[—BC™ sinh A cosh ] exp[ B sinh A D sinh ;1] exp[AT B tanh A]
x exp[CT D™ tanh 1] |0000) . 27

Using the Baker-Hausdorff formula e”e® = e®e”e!?°1, valid for [p, [p, 0]] = [0, [0, 0]] =0,
we obtain

exp[—A™ D cosh Asinh u] exp[CT D™ tanh ]
= exp[C* D" tanh ] exp [— A" C™ tanh e sinh 14 cosh A ] exp[—A™ D cosh A sinh u].
(28)

Substituting (28) into (27) we see

S12834 exp[ATCT]]0000)
=sech Asech pexp[AT B tanh A + CT D™ tanh u + AT C*sech A sech 1] |0000)
=la=0,=0,y=0); ,- (29)
Then making a three single-mode nonlinear displacement D;(«)D,(B)D4(y) for

o =0,8=0,y =0), ., where D;(a) = expla AT —a* A], we can make up the |o, 8, Y
state

Dy(a)Dr(B)Da(y)le =0, =0,y =00 = o, B, ¥ )rp- (30)

Thus the new nonlinear 4-mode NES is generated.

4 Properties of |, B, 7).

We now investigate the main properties of |, 8, y)x ... Using the normal ordered expansion
(in the sense of ° 7) of |0000)(0000| and letting : : denote the usual normal ordering symbol
regarding to a' and a, considering the result of (17) we have

c@la+b'b+cfe+did)y:

= Y et
iKY

i+j+k=n
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n! B U S T o
Y @ st | 7= v

i+j+k=n

1 i , 1 !
— b) Vol ——rd
X (f(Q_l)a) (f QD) (f(Q)c) (f(Q_l) >

— n! A+ B CH DH Al BiCk D!
2 ikl
i+ j+k=n

°(ATA+B*B+C*C+D*D)". G1)
o] (o]
It then follows that

|0000) (0000| = : exp(—a‘a —b'b—c'c —did):

o0 —l n
= Z ( ') c@fa+b'b+cfe+did):
=0 n:
> (—1)" o o
=y — (ATA+B*B+CTC+D'D)" (32)
n! (e} o
n=0
thus we see
10000) (0000] = ° exp[—A*A — B*B — C*C — D*D]°. (33)
(e} [e]

On the other hand, we introduce the bra
1
(e, B,y = (0000] sechxsecmwxp[—z (lal* + 1B + 1y I*) + (A — &)(B — B) tanh A

+ C(D —y)tanhu + (A — a)CsechAsechyu +a*A + B*B + y* D |,

(34
then using the IWOP technique and (6), we can prove the completeness relation
d*ad?Bd?y
costf [ XL b By e By
=
o 1
= exp|: -—(B" — Atanh A + Etanh 1) (B — A* tanh A + ET tanhk):|
o sech“A
x exp[(DT — Ctanhp) (D — C*tanhp) + E'E + E\ + Ex + E3 + K| °
[e]
[e] [e]
= epl0] =1, 33)
o o

where the factor cosh? i is integration measurement needed for the completeness relation,
and

K=-ATA-B"B-C"'C-D*'D,
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E, = (A"BT + AB)tanh 2, E"= A% — Btanh A — Csech A sech p, (36)
E, = (C*D* +CD)tanhp, E3=(A*C" + AC) sech A sech pu.

In order to find out the explicit form of ; ; ((«’, 8, ¥'|e, B, ¥ ). (here for simplicity, we
consider the case of A = w), we appeal to the four-mode NCSs

21,22, 23, 24) f = explz1 AT + 22 BT + 23C* 4 24D ¥10000) , (37)
1{{z1,22, 23, z4| = (0000] exp[z} A + z3 B + z3C + z; D], (38)

and calculate

riziza, 230 zal o, By )i,

4
1
= sechksechuexp|:—§ (Z lz:)* + lee)* + | 81> + |y|2> +(Z —a") (5 — B9 tanhk:|

i=1

x explz;(zy — y™)tanh u + (27 — o™)z3sech A sech u + az] + Bz5 + vz} 1. (39)

Using the overcompleteness relation

4 4
dZZl‘
/ﬂ( - )exp(— E |Zi|2>|21,Zz,Z3,Z4>ff<(Zl,Zz,Z3,Z4| =1, (40)
i=1 i=1

we finally obtain

K,X((ala /3,7 J/,| o, /3’ y)k,)\

sech?An " .
o' —a — (B — p*)tanh A

1
:GHsech4A1im—exp|:—
e—0 &
+(y'—y)tanhk|2], (41)
where
1 2 2 2 712 712 712
G =exp| =5 (al* + B+ y| + |+ B+ YD (42)
and

H = exp[cosh’ A(B™ + (@ — ) tanh A — B* tanh® 1) (B + (¢ — &) tanh A — B’ tanh’ 1) ]
X exp [coth2 Ao —o —(B*—B*+y)tanh}) (@ —a* — (B — B+ ¥ tanhk)]
X exp [(a — B*tanh}) (¢ — g'tanh ) + (o* B* 4 'B’) tanhk] . (43)

Using the following limiting formula of §-function:

1 1
lim — exp [—— |a|2] =n8()d(a*) =78 ()8 (02), a=oay+ia, (44)
e—>0 & I
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we obtain

walle, By e, Boy);. = nGHsech®A8(a' — o — (B — p*) tanh A + (' — ) tanh 1)
x 8 (a™ —a* — (B’ — B)tanh A + (y* — y*)tanhA).  (45)

From (45) we see that |a, B, y),. . is partly orthonormal. In addition, we should point out
that when A # o, B, v),. . State vectors are not orthogonal to each other.

5 Quadrature Amplitude Measurement on |a, 8, ¥ )y,

To see the entanglement involved in |, B, ¥ ), ,, more clearly, we make the following three-
fold Fourier transformation for it. After a long but straightforward calculation we obtain

o0
/ dondBodys o, B, ), 2T = W(u,v,0) [x1); ® 1x2), ® [x3)3 ® [x4)4
- (46)

where the four single-mode states all belong to the nonlinear coordinate eigenvectors,
2 Ft2
;) =4 exp [_% +V2x Ft — Tj| 10); ,

2 P2 47)
i (x| = (Oln_% exp [—% + 2%, F — 7]

where F = A, B, C, D.i=1,2,3,4, and W(u, v,o) is a normalization factor (not be
written),

x1:(a1—u) x2:,31—v x4:)’1—0
lﬁ V2 V2 48)
X3= ﬁ{[(ﬂl 4 v)sinh A — (oy + u) coshA]sech u — (y; + o) tanh u}.

Then making the inverse transformation of (46) we obtain

0]

=30 dudvdo W (u, v, 0)e” "2TAHT) 1) @ |x3), ® |x3)3 ® |x4)y
T J 00
(49)
which is just the Schmidt decomposition [34] of |a, B, ), 4, this in turn confirms that
loe, B, ¥)a,. is an entangled state.

When making a single-mode quadrature amplitude measurement, say |x);;{{(x| on

|(X, /39 y)k,p&

lo, B, ¥)a.0» Where |x) is the nonlinear coordinate eigenstate of X = E f/‘-; operator, where
F = A, B, C, D. Using (49) we obtain
. 1 © . .
{xla, B, v, = \/Ee_“‘”‘zF/ dvdo W (v, o)e” (VAFior)
, e .

X |xX2)2 ® |X3)3 ® |X4)4 (50)

s
u=ay—+/2x
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which shows that the remaining three modes are kept in entanglement. If a joint Bell mea-
surement, say 1)1 212((n’| shown in (9), is performed on |c, B, )4, ., the result of mea-
surement is

u Sech Asech u

oy OP[rCT+y DT+ CTD anhp]100), (ST

L2{(n'le, B,y )i =e

where e is an unimportant coefficient and

sech A sech

"t — y*tanh . 52
i (n* —a*+B) —y*tanh (52)

Equation (51) indicates that after the Bell joint measurement the remaining two-mode is still
in entanglement.

6 Application of |, 8, )i,

Following Hu et al. [9] we consider an application of the |«, 8, )4, in quantum teleporta-
tion. From (35) we know that any 4-mode nonlinear state | );,34 can be expanded as

dPad?Bd>
|)1234=/TVG(0&/3,%)»7M) e, B ¥ D (53)

where G(a, B, y, A, ) is the expansion coefficient

G(a, B,y k1) = cosh® 11, (&, B, 1 ) 1234 - (54)

If Annie is able to teleport the 4-mode nonlinear state |ct, 8, ¥), . to Johnsum, then she
can teleport |)i234 since it can be expanded by the set of |o, B, ¥), .. Assuming Annie
and Johnsum share a quantum channel composing of four bipartite nonlinear entangled
states |74)5.6 ® [Mp)7.8 ® [Me)o.10 ® [Ma) 11,12, which means that Annie owns particle 5, 7,
and 9, 11, while Johnsum owns 6, 8§, and 10, 12. Then initial state of the whole system is
[Win) = lt, B, ¥ )i u1234 @ Ma)s.e @ [M6)7.8 @ [Me)o.10 @ [Ma)11,12- Annie carries a joint Bell
measurement, the projection state is 1) 15 ® [1')27 ® [n”)30 ® |7 )4.11, then using the Schmidt
decomposition of |n);s,

inyn oo .
s{nl=e / dx; (x| ®s ((x — i [e7™*, (55)

oo

and using (49) we can calculate
[Wour) = 411 <(77W | ®39 <<77N ‘ ®27 <(77/ } Q15 {((n] Win)

o0
=e"q’L dudvdo e TeativB+ion w4 o)
el U,

oo

x ' ((la2=m2)x1=1na212) lx, — 1 — r}al)b
® ot ((m2=n5)x2=npam)) |X2 -7, - 77bl)g

. o _ /
® el((WrZ WZ)X3 ncznz) |X3 _ nrl/ _ ncl>10

® ei(('ldrn’z)xrﬂdzn’z) |x4 _ 77/1 _ Udl) (56)

12°
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where ® = (91172 + 005 + 075 + 0705 — Na1Na2 — Mp1Mp2 — Ne1Ne2 — Na1Naz) /2. Note that
ei((naz—nz)xl—naznz) lx; — n— Ual)(,

— ¢! (a2=m2)X6 a1 na2=n2 (N1 +Na1)) o1P6 (11 +1a1) [x1)6 (57)
el((ﬂbZ—Wz)Xz—T)bZTh) ‘x2 _ ,7/1 _ 77b1>8

— o (2= ) xg+np1ms2 =15 (0} +11p1)) P8 (T, +711) Ix2)gs (58)

and
ei((m,»z—n'z)xz—ﬂcz’?/z) ’)@ _ '7,1 _ 77cl>]0
— o/ ((ne2=ny)x104c1ne2 =1y (0 +1ne1)) pip1o (i +nen) 1¥3)10 (59)
ot ((naz=n3)xa—nazny) |X4 -7, - 77d1>12

— o/ ((na2=my)x12+na1na2 =13 (0 +na1)) pip12(ry +1141) 1X4) 1 - (60)
Substituting (57-60) into (56) we obtain

L 1 © . . .
W) =€ ®UU / dudvdo e~ eativBrion) w4 o)

P83 | o
X |x1)6 ® |x2)8 ® [X3) 10 ® |xa) 12
o
= Uu.u, let, B, y)x,u6,8,10,12’ (6D
where
o =i (numa ] mh 0|y 40| b —na1 a2 —mp1 M2 —Ne1 N2 Nd11d2) . , , ,
PLA A 5 e*l(ﬂznal+'72'717|+'72'7c1+'72ﬂ(11), (62)
and
U, = ei(’IaZ—’IZ)Xﬁei(nhZ—’llz)XXei(m‘Z—Ué)Xl()ei(’7({2—’7/2))‘12’ (63)
U, = £ P 0N+1a1) piPs () +1b1) piP10 0Ty +1e1) piP12 (M +1a1) (64)

Then Annie informs Johnsum of the date of n, n’, n”, and " via a classical channel, and
Johnsum, up to an over phase factor, makes the unitary transform (U,U,)™", and success-
fully obtains the unknown state o, B, V)5 .

7 Conclusion

In summary, we have introduced a kind of four-mode nonlinear entangled state o, 8, ¥)5.
and analyzed its Schmidt decomposition as well as a quadrature amplitude measurement on
it. It is found that |a, B, ), . possesses the properties of two- and three-mode entangled
state. We have proved the completeness relation of |, 8, y), ;. and show that |&, B, y)s . is
partly orthogonal. A possible scheme to generate this state has been presented. The set of
loe, B, ¥ )., 18 very important because it makes up a new quantum mechanical representation,
which may enrich Dirac’s representation theory in the context of multi-partite nonlinear
entangled states.
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